ABSTRACT We express the effective Hamiltonian of an ion-binding site in a protein as a combination of the Hamiltonian of the ion-bound site in vacuum and the restraints of the protein on the site. The protein restraints are described by the quadratic elastic network model. The Hamiltonian of the ion-bound site in vacuum is approximated as a generalized Hessian around the minimum energy configuration. The resultant of the two quadratic Hamiltonians is cast into a pure quadratic form. In the canonical ensemble, the quadratic nature of the resultant Hamiltonian allows us to express analytically the excess free energy, enthalpy, and entropy of ion binding to the protein. 
INTRODUCTION
The importance of metals in conferring structural and functional possibilities to a protein or a polypeptide that is unavailable in the absence of the metal can be readily appreciated by noting that nearly half the human genome (1) codes for proteins that need metal cofactors. The zincdependent folding of a zinc finger peptide, a necessary prerequisite for the protein to bind DNA (2) (3) (4) ; the allosteric conformational change in calmodulin upon binding Ca 2þ , an important event in signal transduction cascades (5) ; and the metals in metalloenzymes that facilitate key biochemical reactions by their ability to exist in multiple oxidation states (2, 3) , are a few of the many examples illustrating the importance of metals in biology. Understanding how a protein selects a particular metal from the pool of metals in the aqueous milieu remains an important question in understanding metal sensing (6) , knowledge that can potentially inform efforts to design metal-binding proteins as well (for example, see (7, 8) and references therein). Toward understanding the physical principles of metal incorporation in proteins, we develop an approach to investigate the thermodynamics of selective zinc binding to a zinc-finger protein. The substantial experimental data on this system and the possibility of performing new experiments are key factors that underlie our choice of this system, but the ideas we present are expected to be of broader utility in understanding metals in other systems as well.
Metals associate with electronegative regions in proteins (9) and the interactions of a metal ion with the amino-acid residues of these binding sites are strong on the thermal scale. The interactions of the metal ion with the protein outside the binding site are expected to be primarily electrostatic and insensitive to the chemical nature of the metal ion. Recently, we took advantage of the aforementioned separation of energy scales and showed that for Zn 2þ bound to zinc finger proteins, the effective Hamiltonian of the binding site in the protein can be written as the Hamiltonian of the binding site in vacuum plus a field arising from the restraints of the protein medium on the binding site. The field of the protein restraints was found to be adequately represented by a generalized quadratic Hamiltonian. This development allowed us to extensively sample the binding-site configurations at the semiempirical level, using which we could evaluate the thermodynamics of replacing Zn 2þ with a competing metal using a high level of quantum chemical calculations. Further, the quadratic nature of the protein restraints also allowed an analytical inspection of the protein restraints, leading to the identification of common characteristics in zinc finger proteins (10) .
Here we aim to sharpen the understanding of the role of site chemistry and protein restraints. We also seek a comprehensive thermodynamic characterization of binding while avoiding recourse to semiempirical calculations. To this end, we expand the Hamiltonian of the binding site in vacuum as a generalized Hessian around its equilibrium structure that is obtained by minimizing the potential energy of the binding site in vacuum using high-level quantum chemical calculation. Because both the metal-residue cluster and the protein field have quadratic forms, the effective Hamiltonian of the binding site in the protein is a sum of two quadratic Hamiltonians, one representing the dynamics of the binding site in vacuum and one representing the restraints of the protein medium on the binding site. The two quadratic Hamiltonians are centered around the vacuum minimum structure and the structure of the binding site in the protein, respectively. The mixed quadratic Hamiltonian is cast into a pure quadratic form and an analytical expression for the canonical ensemble partition function is readily obtained. We derive expressions for the entropy, enthalpy, and selectivity free energy of ion exchange. We apply our analysis to a designed zinc finger peptide (11) , and Cd 2þ . Our model helps separate the local chemistry of ionprotein interactions from the effect of the protein restraints in tuning this local interaction and provides clear insights into the factors contributing to the enthalpy and entropy of ion-exchange. We find that the entropy of ion exchange in the binding site is related to the rigidity of the ion-site cluster in the protein. Our analysis rationalizes the observed small change in entropy upon ion exchange. The enthalpy change in ion exchange is a combination of two factors: a chemical contribution arising from the intrinsic preference exhibited by the binding site ligands for the fiducial ion over its competitors, and a contribution associated with the energetic penalty incurred because the ion-site cluster in the protein samples conformations that are removed from its favored conformations in vacuum.
For . In all cases, the predicted selectivities are in accordance with experiments. The tuning of the local metal-site interaction by the protein environment in a metal-dependent fashion also leads to experimentally testable predictions on how changing the protein restraints (by mutations, for example) can tune metal affinity.
The rest of the article is organized as follows. In the next section, we describe the theoretical developments. Methods describes our calculations, and the sections Thermodynamics of Ion Exchange and Structure-Thermodynamic Relation of Zinc Finger Proteins present the results and their implications. Conclusions are collected in the last section.
THEORY Selectivity
The selectivity free energy, DDm ex , is the thermodynamic metric of the preference of the binding site for one ion over its competitors. The selectivity for a metal ion, 1, over any other competing ion, 2, is given by (1)
The quantity m ex x (aq) (X ¼ 1 or 2) is the excess free energy of hydration while m ex x (S) is the corresponding quantity in the binding site (S) (13) (14) (15) . In Eq. 1, it is understood that a common reference state is used for both aqueous and protein systems.
Mixed quadratic Hamiltonian
Denoting the collective coordinates of the binding site by x s and that of the protein medium by x m and formally integrating over all the solvent degrees of freedom, we can write the effective potential-the potential of mean force-on the protein immersed in the solvent as
where U s , U m , and U sÀm denote the site-site, mediummedium, and site-medium interaction energies and h(x s , x m ; b) is the solvent response. 
where dx s ¼ x s À x s , for example, is the deviation from the reference configuration denoted by x s . The matrix G describes site-medium harmonic coupling, and H 2 describes the harmonic coupling of medium atoms with each other. Because site-site interactions are explicitly considered in U s (x s ), the matrix H 1 is diagonal. The physical idea underlying Eq. 3 is that in a solvent medium, protein oscillations are damped and can be treated as harmonic fluctuations about some mean configuration. However, explicit long-range interaction of the site with the solvent is ignored in this model. These long-range contributions are expected to be similar for the Fe 2þ , Co , and Cd 2þ ions considered here.
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The matrix H(b) is obtained using an elastic network description of the protein (16) (17) (18) (19) (20) (21) (22) (23) (24) (25) (26) , and because these models are valid only up to a proportionality constant, we construct a physical potential energy by introducing the coupling constant a (10). Given the quadratic dependence on the medium coordinations, we can integrate-out the medium coordinates and show that (10, 27 ) the distribution, P(x s ), of the binding site coordinates is given by
ÀbðUsðxsÞþfðxs;bÞÞ
where
is the effective potential of the binding site in the protein and Q, the partition function, is the normalizing constant. The field of the protein f(x s ; b) is given by (10)
We further approximate the potential energy function of the binding site, U s (x s ), as a generalized Hessian, such that
where x v are the coordinates corresponding to the minimum of the potential energy of the binding site. The quantity U 0 is the minimum of the potential energy. Combining Eqs. 5 and 6, we get
We recast the summation of the two quadratic forms as a pure quadratic form,
(Note that Fig. 1 provides a schematic illustration of the effect of applying protein restraints on the phase-space distribution of site particles.) In the canonical ensemble, the excess Helmholtz free energy of the binding site, A ex , is
where jMj is the determinant of the matrix M and 3N is the number of degrees of freedom. We write Eq. 9 for ions 1 and 2 and take the difference to obtain the free energy of ion exchange in the binding site (Eq. 1),
where D() ¼ () 2 -() 1 . The free energy of ion exchange factors into three physical contributions. The first term, DU 0 , corresponds to the potential energy difference between the vacuum minima of the two metal-site clusters. This term captures the difference in the local interactions of the two ions with the binding site and is the quantity that is most often sought. Note that DU 0 does not depend on the temperature or the restraints from the protein and is identical across proteins with the same ion-binding site in a protein family; for example, the CCHH binding motif in zincfinger proteins. The second term arises because the protein forces the vacuum state binding site minimum energy FIGURE 1 The approximate potential energy surface of the binding site in vacuum, U s ðx s ; fx v gÞ, is represented by a generalized Hessian. The functional form of the energy surface depends on the generalized Hessian matrix, A (Eq. 6) and the minimum energy configuration, x v .The protein field, fðx s ; fb; x s gÞ, on the binding site is described by the elastic network model which also has a quadratic form. The resultant effective potential energy surface, U(x s ;{b, c}), of the binding site is the addition of two quadratic forms and is recast as a pure quadratic form. The reference state for the effective potential energy surface, c, is a weighted average of the vacuum minimum configuration of the binding site, x v , and the conformation of the binding site in the protein, x s .
Biophysical Journal 101(6) 1459-1466 conformation to adapt to the protein conformation. The final term corresponds to the different strengths of the spring constants of the two effective potentials and measures the change in the stiffness or rigidity of the system. A distinguishing feature of the analytical expression in Eq. 10 is that we can transparently demarcate the roles of ion-site chemistry, site conformation, and thermal fluctuations in DU ex (S).
Entropy of ion exchange
The effective quadratic Hamiltonian also allows us to calculate the excess entropy of ion exchange. Ignoring small corrections due pressure-volume effects, we have
Approximating Dh ex by DhU(x s ; b)i, the difference of the mean value of the effective potential, we have Uðx s ; bÞ
and therefore we have
The equations above lead to transparent identifications of the contributions to the enthalpy change and the entropy change. Equation 12 shows that the excess enthalpy of ion exchange is the sum of two contributions:
1. The difference in the ground state energy, U 0 , of the ionsite cluster, something that can be intuitively expected, and 2. The energetic penalty incurred because the protein forces the cluster to sample a region of the phase space away from its favored vacuum conformation, an aspect that is not so obvious.
The entropic term in ion exchange, TDs ex (S), is given by the work required to change the strength of the restraints on the binding site. The restraints on the binding site atoms arise from the restraints imposed by the protein aH site and the intrinsic restraints of the binding site A (see Eqs. 5 and 6).
METHODS

Zinc finger proteins
Zinc finger domains are widely distributed in cellular systems, most notably in the transcription factor assembly (28) (29) (30) . The isolated zinc finger domain is partially unstructured in the absence of the metal and achieves the correctly folded conformation only upon binding the metal (4, 11, 31) . In the folded state, Zn 2þ is coordinated tetrahedrally to n-cysteine and 4-n histidine residues where n can be 2, 3, or 4. In the system we study, n is 2. Titration experiments (4) also has a filled d-orbital and cannot be probed spectroscopically. However, circular dichroism spectra has been used to argue that the Cd 2þ -bound peptide also folds in a structure that is similar to the Zn 2þ -bound peptide (34) .
Vacuum Hamiltonian
For the binding site comprising two Cysteine and two Histidine residues (Fig. 2) , hydrogen atoms are added on the terminal N and C atoms to satisfy valency. Geometry optimization, Hessian, and single point energy calculations for Fe -bound site are performed with the SBKJC basis set, and the corresponding energy difference between Zn 2þ and Cd 2þ is calculated with the LANL/2DZ basis set. All calculations were performed using GAMESS (35) .
Elastic network Hamiltonian
We construct the Hessian matrix corresponding to the protein quadratic Hamiltonian, aH site , based on the elastic network model (17) . Given that the equilibrium distance between two heavy atoms i and j is r ij , the deviated distance is d ij , and the deviation
The binding site in a Zinc finger peptide comprising of a Cys 2 His 2 cage is shown in the figure. The metal atom is at the center (shown in orange). Sulfur (shown in yellow) atoms from the two Cysteine residues (left) and Nitrogen (shown in blue) atoms from the two Histidine residues (right) are the ligands directly in contact with the metal atom in the tetrahedral binding site.
The values m and n are the labels for Cartesian components x, y, and z and U 00 (r ij ) is the second derivative of the potential energy function. The reference distances are obtained from the CP1 protein structure PDB ID 2MEY.
As is usual in elastic network models, we assume that all the second derivatives in Eq. 15 are equal (10, 17) and that only heavy atoms within 6 Å of each other interact. Equation 15 specifies the structure of the matrix H in Eq. 3. We explicitly exclude site-site interactions (i.e., the U s (x s ) term in Eq. 2), as those interactions are obtained from the quantum model.
We note key technical points in implementing the above framework. First, while Eq. 15 does not include hydrogen atoms but the quantum model of the site does, for hydrogen indices we insert a zero in the matrix representation of Eq. 15. This ensures that the dimension of the Hessian matrix of the site obtained from quantum chemical calculations is the same as the matrix representing the protein field on the site; that is, the matrix H site (Eq. 4) and the matrix A (Eq. 6) have the same dimensions.
Second, the matrix H site has six zero-eigenvalues associated with the rotational and translational degrees of freedom of the cluster and can have zero eigenvalue modes due to the zero elements inserted for the hydrogens. The numerically determined Hessian matrix A can also have modes with eigenvalues that are small on the thermal energy scale. To avoid numerical instabilities, while constructing the matrix A from its eigenvectors, we neglect the contribution from vectors corresponding to eigenvalues <250 cm À1 z 1.5 k B T. Thus the matrix M, representing the sum of H site and A, has at least six zero-eigenvalues.
Aqueous free energy difference, Dm ex (aq)
We use the primitive quasichemical estimate for Dm ex (aq): the free energy of forming metal ion cluster in vacuum is corrected with a continuum dielectric contribution for the presence of bulk water (see Asthagiri 
THERMODYNAMICS OF ION EXCHANGE Ion selectivity, DDm ex
In an earlier study (10) we determined the optimum value a* of the scaling constant, a, for the CP1 peptide to be 0.9 k B T. (The optimum value was obtained by minimizing the Kullback-Liebler divergence between the binding energy distribution of Zn 2þ to the site in the presence of the protein field and the corresponding quantity obtained from an all-atom molecular simulation with a reasonable, empirical model of the Zn 2þ ion (38) .) To keep the model simple, here we assume that the modes and strength of the protein restraints are the same for all ions. We also assume that replacing Zn 2þ with a competing ion only modestly perturbs the equilibrium structure. Thus, a* and the equilibrium protein coordinate (x s in Eq. 5) are assumed the same for all ions. -bound site sample configurations are more removed from those in the presence of the protein.
The impact of protein restraints can be better quantified by explicitly noting the free energy to turn-on protein restraints. Thus consider
From Eq. 9, we have
Equation 16 defines the free energy to turn-on the protein restraints on the binding site in the presence of ion x. Note that Eq. 16 is valid up to an arbitrary constant which relates to the long-range interactions of the ion and the protein-protein interactions. It is safe to assume that these factors are the same for all ions, because the long-range interactions are primarily sensitive to the net charge of the ion and the protein folds into the same architecture for the ions considered (see Zinc Finger Proteins, above). From Table 2 , and Co 2þ by considering a semiempirical Hamiltonian for the binding site U s (x s ) with the elastic network model for the protein field f(x s ; b). To obtain qualitative insights into the role of protein restraints, from just 80 configurations of the Zn 2þ -bound site in vacuum we inferred that Zn 2þ selectivity over Fe 2þ in the absence of the protein field (by setting a ¼ 0) was much lower than the selectivity in the protein. (As noted earlier (10) , it is not reasonable to expect converged exponential averages with such a small number of configurations.) This study circumvents the limitations of the earlier study and instead indicates that Zn 2þ -over-Fe 2þ selectivity is not affected by the protein restraints. Thus, compared to the CP1 peptide, in a protein that enforces minimal restraints on the CCHH binding site, the Zn 2þ -over-Fe 2þ selectivity is not expected to be diminished.
Experimentally, the preference for Zn 2þ over the competing ions is measured relative to the aqueous medium (4, 12) . Table 3 , and Cd 2þ is well described. Comparing Dm ex (S) and Dm ex (aq), it is apparent that Dm ex (aq) has a substantial effect on the selectivity free energy DDm ex . Because Dm ex (aq) is only~1% of the absolute hydration free energies of the metal ions (36), the errors in determining the absolute hydration free energies can be amplified in taking their difference-a limitation that must be borne in mind. In the primitive quasichemical approach (36) used here, we ignore the effect of the bulk medium in changing the configuration of the first hydration shell. The limitations of a continuum dielectric description of water beyond the first shell for divalent metals (41,42) are also well documented.
Entropy and enthalpy in metal selectivity
For estimating the entropic effects for the aqueous phase reaction involving the binding of the metal to six water molecules, we once again appeal to the primitive quasichemical framework. Assuming excess energy changes associated with the bulk medium outside the metal-water cluster is the same for all ions considered, relative to the case for Zn 2þ -water clustering, we can estimate the vibrational contributions to the excess entropy directly from the Hessian (see Methods). The rotational contribution (for the cluster in the ideal gas phase) is obtained from standard relations as well. The enthalpic contribution relative to the Zn 2þ -water clustering reaction is directly obtained from the single point energies; it is the analog of the quantity U 0 for the ion binding to the site in the protein. The excess entropy and enthalpy in the protein are given by Eqs. 13 and 14. Table 4 collects the enthalpic and entropic decomposition of DDm ex (Eq. 1). As noted earlier (Table 1) , the excess entropy of ion exchange in the binding site, Ds ex (S), is negligible for all ions. The folding of the zinc finger peptide requires metal binding. The residues of the binding site in the apoprotein are not in a tetrahedral conformation (4) . In the presence of the metal, the protein restrains the binding site in a tetrahedral conformation to preserve its folded architecture, and in particular, the protein serves to restrain the vibrational modes of the binding site. Because the ions considered in this study are able to fold the peptide to its The aqueous free energy difference for Cd 2þ is taken from Marcus (37) . All energies are in kcal/mol. native conformation (34, 33) , the strength of the protein restraints are expected to be similar. Consequently the excess entropy of ion exchange in the protein binding site, Ds ex (S), is expected to be small. We suspect that this observation holds for all metalloproteins where the peptide fold is strongly coupled with metal binding. Experimental checks of this suggestion could prove fruitful.
The excess enthalpy of ion exchange in the binding site, Dh ex (S) (Eq. 12), depends on the chemical contribution, DU 0 , and the work done in shifting the coordinates, DR, from those in the gas-phase to the one in the protein. While the chemical component is independent of temperature and architecture of the protein, DR depends on the equilibrium structure of the binding site in the protein and the global structure of the protein, both of which are temperaturedependent. Thus we can consider DU 0 as the baseline for Zn 2þ selectivity, and DR is then the correction offered by the protein matrix to the excess enthalpy and the selectivity free energy. For replacing Zn 2þ with Co 2þ , our calculated value of 8.3 kcal/mol for excess enthalpy of ion exchange is in good agreement with the experimental estimate of 7.6 kcal/mol (12) . Comparing the exchange of Co 2þ with the exchange of Cd 2þ , from Tables 1 and 4 we see that both the correction offered by the protein matrix (DR) and Dh ex (aq) are important factors in determining the magnitude of the excess enthalpy change.
STRUCTURE-THERMODYNAMIC RELATION OF ZINC FINGER PROTEINS
Metal ions have been used to engineer novel scaffolds, catalyze large-scale assembly reactions of peptides, and act as enzymatic centers for novel organic reactions (7, 8) , but the rational design of metallopeptides-designing metal binding proteins based on the physics of metal association-remains elusive. We suggest that the mixed quadratic Hamiltonian may prove helpful in this direction. For example, let us consider the problem of improving the zinc-selectivity of a zinc finger peptide. It is known that mutations in the sequence of the zinc finger motif away from the metal binding site can tune the selectivity for Zn 2þ over competing ions (11, 43, 44) . Provided that changes in the protein sequence do not affect the overall protein architecture, we can use the quadratic Hamiltonian to identify modes of protein restraints which maximally affect the metal binding event. Operationally, one seeks the elastic network matrix H site that maximizes Dm ex (S). Given that the topological elastic network model predicts the restraints imposed by the protein on the binding site based only on the three-dimensional structure of the protein, the relation between the modes of restraints v i and the protein architecture is analytical. In the case of the zinc finger peptides, with the help of protein structure prediction algorithms, it may thus be possible to identify mutations in the zinc finger peptide sequence that result in the desired modes of protein restraint and thus desired thermodynamics of ion binding.
CONCLUSIONS
The binding of Zn 2þ is necessary to induce the folding of the zinc-finger peptide to its functional conformation. The peptide can also fold in the presence of biologically available competing ions Fe 2þ , Ni 2þ , and Co 2þ , but relative to the transfer of Zn 2þ from bulk water to the protein site, the transfer of these competing metals is energetically unfavorable. Given the role of the zinc finger in gene transcription, the exclusion of metals that can change their oxidation state can be well appreciated.
Ligand field effects arising due to changes in the coordination state-the competing metals go from an octahedral coordination in bulk water to a tetrahedral coordination in the protein site-are usually invoked to rationalize the selectivity for Zn 2þ in the tetrahedral binding site. Some experimental studies have also suggested that the protein outside the binding site, by restraining the site dynamics, also plays a role in selectivity (43, 44) . Here we present a theoretical framework to synthesize the local ion-site interaction dynamics, modeled as harmonic deviations from a gasphase ion-site cluster, with account of protein restraints, modeled using the quadratic elastic network model.
Using this framework, we find that the role of the protein restraints in determining selectivity is negligible for Fe 2þ and Ni 2þ , but not so for Co 2þ and Cd 2þ . We also calculate the excess enthalpy and entropy of ion-exchange. Experimental values of the excess enthalpy of ion-exchange is available for Zn 2þ exchanging with Co 2þ
; our calculated value is in good agreement with the experimental estimates. For all cases considered, the excess entropy of ion-exchange in the protein site is predicted to be small.
Our model helps identify the role of local ion-site and nonlocal (bulk protein) effects in metal binding, and while the quantitative predictions are subject to the validity of the underlying assumptions, the qualitative insights on the role of protein architecture and selectivity seem to be of a more general scope. Specifically, our results suggest that a loosely formed tetrahedral site, for example the tetrahedral site formed in peptide maquettes (39) is expected. Further, we suggest that the entropy of ion exchange in the protein binding site is small if the folding of the peptide is coupled with metal association. Testing these specific proposals experimentally ought to be possible with simple model systems. Such efforts are expected to further advance our understanding of metal-protein association.
The mixed quadratic Hamiltonian offers a completely analytical structure-based thermodynamic analysis of metal binding to the zinc finger peptide. It thus seems possible that the framework presented here may helpfully guide protein Biophysical Journal 101(6) 1459-1466 engineering to secure desired thermodynamics of metal association.
